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) . $q$-Painleve’
$[2, 3]$ , $A$ Weyl
, 2 .
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1. $\lambda=(\lambda_{1}, \lambda_{2}, \ldots)$ ( ,
$\lambda_{i}=0$) , $\lambda$
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$k$ . $k$
, $l$ (bump out),






, , . $A=(aj):,j$ $m\mathrm{x}n$










, $A$ $i$ $a^{i}\ovalbox{\tt\small REJECT}(a\mathrm{L}\cdots, a\ovalbox{\tt\small REJECT})$, $j$
$a_{j}\ovalbox{\tt\small REJECT}(a3, **\cdot, a\mathrm{y})$ . .
$A=\{\begin{array}{llll}0 2 1 11 0 1 22 2 0 1\end{array}\}$ (4)
$a^{1}=(0,2,1,1)$ 0, 2, 1, 1 1, 2, 3, 4
, $w_{1}=1^{0}2^{2}3^{1}4^{1}=2234$
. $a^{2}=(1,0,1,2),$ $a^{3}=(2,2,0,1)$ $w_{2}=1344$ , $w_{3}=11224$
,
$w=w_{1}w_{2}w_{3}=2234|1344|11224$ (5)






, $A$ $a_{1}=(0,1,2),$ $a_{2}=(2,0,2),$ $a_{3}$ $=(1,1,0),$ $a_{4}=$






, $A$ $Q$ 3. $P$ $Q$ $\lambda=(7,5,1)$
.
$A\in \mathrm{M}\mathrm{a}\mathrm{t}(m, n;\mathrm{N})$ ,
2 $P,$ $Q$ $(\mathrm{N}=\{0,1,2, \ldots\})$ .




. $\mathrm{T}\mathrm{a}\mathrm{b}_{n}(\lambda)$ , 1, $\ldots,$ $n$
, $\lambda$ , ,
$l( \lambda)\leq\min(m, n)$ $\lambda$ .
3 $Q$ , $w$ $P=P(w)$
, .
157
: $mn$ $x=(x_{j}^{i})_{i,j}(1\leq i\leq m;1\leq j\leq n)$ ,
$\mathbb{C}[x]$ . $x=(x_{j}^{i})_{i,j}$ Mat(m, $n,\cdot \mathbb{C}$ ) ,
Mat $(m, n;\mathbb{C})$ ( $GL_{m}.(\mathbb{C})$ , $GL_{n}(\mathbb{C})$ , $\mathbb{C}[x]$
$(GL_{n}(\mathbb{C}), GL_{m}.(\mathbb{C}))$ . RSK , $\mathbb{C}[x]$ $(GL_{n}(\mathbb{C}), GL_{m}.(\mathbb{C}))$
( $(GL_{m},$ $GL_{n})$ )
. Ronbinson-Schensted ($Q$
) $(GL_{m}, S_{n})$ (Schur-Weyl )




0 $m\mathrm{x}n$ $A=(aj):,j$ ,
$P=P(w)$ . , $P$ $i$
$j$ $pj$ , $p=(p_{j}^{1}.)_{\dot{*}\leq j}(1 \leq i\leq\min(m, n)$ ,





$p=\{\begin{array}{llll}3 2 0 2 2 2 1 0 1\end{array}\}$ , (10)
.
: $(aj):,j$ $(pj)_{\dot{*}\leq j}$ .
, $p=(pj):\leq j$ $(a_{j}^{\dot{l}}):,j$
( $\max$ ) (Berenstein-Kirillov ).
, .
, $A=(aj):j$ , $i\leq i$ $(i,j)$ ,
$\tau j$ $(1\leq i\leq m;1\leq j\leq n)$ .
$\tau j=\max(\gamma_{1},\ldots,\gamma.\cdot)$
(11)
$A$ , ( ) $aj$
. , $\gamma$ ( ) $(k,l)$
, $\gamma$ ( ) $(k, l)$ ,







. $\max$ , , 1, 1), . . . , $(1, i)$ , $(m,j-i+1),$ $\ldots,$ $(m,j)$
, $i$ $\gamma_{k}$ : $(1, k)arrow(m,j-i+k)$ $(\gamma_{1}, \ldots,\gamma:)$
, $\mathrm{w}\mathrm{t}(\gamma_{1})+\cdots+\mathrm{w}\mathrm{t}(\gamma_{\dot{l}})$ .
3.1 $A=(a_{\dot{j}}.):,j$ t , $\tau=(\tau j):\leq j$
. , $A$ $P$ $i$ $j$
$pj$ .
$p_{\dot{l}}^{\dot{\iota}}=\tau_{1}^{1}.\cdot-\tau_{\dot{l}}^{1-1}.$ , $p_{j}^{\dot{*}}=\tau j-\tau_{j}^{\dot{\iota}-1}-\tau j_{-1}+\tau j_{-1}^{-1}$ $(i<j)$ . (14)
$pj$ $\tau$ $\tau j$ Laplacian .
Berenstein-Kirillov 4.






$\tau_{3}^{2}$ , $A$ $(1, 1)$ , $(1, 2)$ $(3, 2)$ , $(3, 3)$
, .







4 [4] , .
159
. $\tau=(\tau_{j}^{i})_{i\leq j}$
$(\tau_{j}^{i}-\tau j^{-1}):\leq j=\{\begin{array}{llll}3 5 5 7 2 4 5 0 1\end{array}\}$ . (19)
$(\tau j-\tau_{j}^{\dot{\iota}-1}-\tau j_{-1}+\tau_{j-1}^{\dot{*}-1})_{\dot{*}\leq j}=\{\begin{array}{llll}3 2 0 2 2 2 1 0 1\end{array}\}$ . (20)
$p=(p_{j}^{1}.):\leq j$ .
,








(21) , $a=e^{A/\epsilon},$ $b=e^{B/\epsilon}$








. , $x$ ,
$X$ , , $(X$
$x$ ) .
$f(x)$ $x=(x_{1}, \ldots, x_{m})$ , 0
. $f(x)$ 2 , $f(x)$
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5. , $\mathrm{N}^{m}$






. , $\alpha=(\alpha_{1}, \ldots, \alpha_{m})$ $x^{\alpha}=x_{1}^{\alpha_{1}}\cdots x_{m}^{\alpha_{m}}$
. [$\mathrm{I}$ ( $2\mathfrak{h}$ , $x^{\alpha}$ 1 $\langle\alpha,x\rangle=$
$\alpha_{1}x_{1}+\cdots+\alpha_{m}x_{m}$ , $a(x)$ $\max\{\langle\alpha,x\rangle|\alpha\in A\}$ .
$f(x)$
$\max\{\langle\alpha, x\rangle|\alpha\in A\}-\max\{\langle\beta, x\rangle|\beta\in B\}$ (24)
. , $f=f(x)$ ,
$M(f)= \max\{\langle\alpha,x\rangle|\alpha\in A\}-\max\{\langle\beta,x\rangle|\beta\in B\}$ (25)
, $\mathbb{R}^{m}$ 1 $M(f)$ . $M(f)$ $f$
, (23) .
T , $c\in \mathbb{R}_{>0}$ $M(c)=0$ ,
$f,$ $g$
$M(fg)=M(f)+M(g)$ , $M(f/g)=M(f)-M(g)$ ,
(26)
$M(f+g) \backslash =\max(M(f), M(g))$
. ( $a$ $b$)
, (21) ,
.
$F$ : $\mathbb{R}^{l}\cdotsarrow \mathbb{R}^{m}$
$F$ : $y_{j}=f_{j}(x)=f_{j}(x_{1}, \ldots, x_{l})$ $(j=1, \ldots,m)$ (27)
, $fj$ , $F$
. $M(F)$ : $\mathbb{R}^{l}arrow \mathbb{R}^{m}$
$M(F)$ : $y_{j}=M(f_{j})(x)=M(f_{j})(x_{1}, \ldots, x_{l})$ $(j=1, \ldots,m)$ (28)
. , . ,
$G$ : $\mathbb{R}^{m}\cdotsarrow \mathbb{R}^{n}$ , $G\circ F$ : $\mathbb{R}^{l}\cdotsarrow \mathbb{R}^{n}$
, , $M(G\circ F)=M(G)\circ$
$M(F)$ ( , $\cross,$ $/,$ $+$
). , .
, $F:\mathbb{R}^{l}\cdotsarrow \mathbb{R}^{m}$
$F^{*}$ : $\mathbb{R}(y)arrow \mathbb{R}(x)$ ,









$M(F)\circ M(G)\circ M(F)=M(G)\circ M(F)\circ M(G)$ . ,
, ,
. ( , Weyl
,
)








: , , $( \pm,\max)$
, . [1]
, $( \pm,\max)$ , tropicalization .
















, $w$ $v$ , $w$
$w’$ , $v’$ $w$
. $w$ $w=1^{x_{1}}2^{x_{2}}\cdots n^{x_{n}}$ $w$
$x=(x_{1}, \ldots, x_{n})$ . $v,$ $w’,$ $v’$






: $x=(x_{1}, \ldots, x_{n}),$ $a=(a_{1}, \ldots, a_{n})$ $y=(y_{1}, \ldots,y_{n})$ ,
$b=(b_{1}, \ldots, b_{n})$ .
3 .
, 1, 2, . . . , $n$ .
$aj+x\mathrm{j}=yj+b_{j}$ $(j=1, \ldots, n)$ . (31)
, $yj$ $b_{j}$ }$\mathrm{h}$ .
. $x=(x_{1}, \ldots, x_{n}),$ $y=(y_{1}, \ldots,y_{n})$
$\xi j=x_{1}+x_{2}+\cdots+x_{j}$ , $\eta_{j}=y_{1}+y_{2}+\cdots+yj$ $(j=1, \ldots,n)$ (32)
. , $\eta j$
.
$\eta_{1}=\xi_{1}+a_{1}$ , $\eta_{2}=\max(\eta_{1}, \xi_{2})+a_{2}$ , . .. , $\eta_{n}=\max(\eta_{n-1}, \xi_{n})+a_{n}$ .
(33)
( ) , $\eta j$ $yj$
$( \pm, \max)$ , ,
.
$xj,$ $aj,$ $yj,$ $bj$ ( )
, $ajxj=yjbj(j=1, \ldots, n)$
. , $\xi j,$ $\eta j$
$\xi_{j}=x_{1}x_{2}\cdots x_{j}$ , $\eta_{j}=y_{1}y_{2}\cdots y_{j}$ $(j=1, \ldots, n)$ (34)
. ,
$\eta_{1}=\xi_{1}a_{1}$ , $\eta_{2}=(\eta_{1}+\xi_{2})a_{2}$ , . .. , $\eta_{n}=(\eta_{n-1}+\xi_{n})a_{n}$ . (35)
. ,





. $\eta j(j=1, \ldots,n)$ , $yj,$ $bj$ .
$y_{1}=\eta_{1}$ , $y_{j}= \frac{\eta_{j}}{\eta_{j-1}}$ $(j=2, \ldots, n)$
(38)
$b_{1}=1$ , $b_{j}= \frac{x_{j}a_{j}}{y_{j}}=aj\frac{\xi_{j}\eta_{j-1}}{\xi_{j-1}\eta_{j}}$ $(j=2, \ldots, n)$ .
, (33) .
$yj$
$y_{1}=\eta_{1}$ , $y_{j}=\eta_{j}-\eta_{\mathrm{j}-1}$ $(j=2, \ldots, n)$ (39)
. , $\eta j$
$\eta_{j}=\max(\xi_{k}+a_{k}+\cdots+a_{j})1\leq k\leq j$
(40)
$= \max_{1\leq k\leq j}(x_{1}+\cdots+x_{k}+a_{k}+\cdots+a_{j})$ .
$b_{j}$ , $b_{1}=0,$ $bj=aj+xj-yj(j=2, \ldots,n)$ .
$\eta j$ (37), (40) , , $(1, 1)$ $(2, j)$








, $x_{1}$ $aj$ ,
.
$\eta j$ . [ ,
$\eta=(\eta_{1}, \eta_{2},\eta_{3}, \eta_{4}, \eta_{5})=(1.’ 3,3,5,6)$ (43)




$I_{1}^{t+1}.V_{1}^{t+1}.=F_{\dot{\iota}+1}V_{\dot{*}}^{t}$ , $I_{1}^{t+1}.+V_{*-1}^{t+1}.=V_{1}^{t}.+I^{t}.\cdot$ $(i, t\in \mathbb{Z})$ (44)
164
. $t\mathrm{B}$ } $t+1$ $(I_{i}^{t}, V_{i}^{t})_{i}arrow(I_{i}^{t}, V_{i}^{t})_{i}$
$A_{i}=I_{i+1}^{t}$ , $X_{i}=V_{\dot{*}}^{t}$ , $B_{:}=I_{i}^{t+1}$ , $\mathrm{Y}_{i}=V_{\dot{l}}^{t+1}$ (45)
, $(A, X)arrow(B, \mathrm{Y})$
$\mathrm{Y}_{\dot{l}}B:=A:X:$ , $\mathrm{Y}_{1}$. $+B_{:+1}=A:+X_{:+1}$ $(i\in \mathbb{Z})$ (46)
. , 4 ,
$a_{j}x_{j}=y_{j}b_{j}$ , $\frac{1}{a_{j}}+\frac{1}{x_{j+1}}=\frac{1}{y_{j}}+\frac{1}{b_{j+1}}$ $(j\in \mathbb{Z})$ (47)
.
, $\{1, 2, \ldots n\}$
, , .
$a_{1}x_{1}=y_{1}$ , $ajxj=yjbj$ $(j=2, \ldots,n)$ ,
$\frac{1}{a_{1}}+\frac{1}{x_{2}}=\frac{1}{b_{2}}$ , $\frac{1}{a_{j}}+\frac{1}{x_{j+1}}=\frac{1}{y_{j}}+\frac{1}{b_{j+1}}$ $(j=2, \ldots,n)$ ,
(48)
, $(a_{1}, \ldots, a_{n}),$ $(x_{1}, \ldots,x_{n})$ , $(y_{1}, \ldots, y_{n}),$ $(b_{2}, \ldots, b_{n})$
7.
6.1 (48) , ,
.
$y_{j}= \frac{\eta_{j}}{\eta_{j-1}}$ , $b_{j}= \frac{a_{j}x_{j}}{y_{j}}$ $(j=1,2, \ldots,n)$ . (49)
,












[ , $\frac{1}{x}2$ . $1$. . $n.-\cdot$ 1 $\overline{x}_{n}1]$
$=\{\begin{array}{lllll}\overline{y}_{1} 1 \overline{y}_{2} 1 \ddots \ddots \overline{y}_{n-1} 1 \overline{y}_{n}\end{array}\}$ $\{\begin{array}{lllll}1 0 \overline{b}_{2} 1 \ddots \ddots \overline{b}_{n-1} 1 \overline{b}_{n}\end{array}\}$ (51)
7 , (47) $b_{1}=\infty$ ,
.
165
, $\overline{x}=x^{-1}$ . ( $\overline{f}(t)=$
$f(t+1)$ , ) ,
$LR$ Darboux .
. $x=(x_{1}, \ldots, x_{n})$
,
$E(x)=\{\begin{array}{lllll}\text{ _{}l} 1 x_{2} 1 \ddots \ddots x_{n-1} 1 x_{n}\end{array}\}$ , $E_{k}(x)=\{\begin{array}{lllllll}1 0 ... 1 0 x_{k} 1 \ddots \ddots \ddots 1 x_{n}\end{array}\}$ (52)
. $E_{k}(x)$ $E(x’),$ $(x’=(x_{k}, x_{k+1}, \ldots,x_{n}))$
$(k, k)$ ($k=1$
$E_{1}(x)=E(x))$ . $E_{j}.\cdot$ ,
$\mathrm{A}=.\cdot\sum_{=1}^{n-1}E_{\dot{l}},:+1$ , $\Lambda_{k}=.\sum_{1=k}^{n-1}E_{:,:+1}$ $(k=1, \ldots,n)$ (53)
,
$E(x)=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(x)+\Lambda$ , $E_{k}(x)=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(x\geq k)+\Lambda_{k}$
.
$(k=1, \ldots, n)$ (54)
. $x\geq k=(1, \ldots, 1, x_{k}, \ldots, x_{n})$ .
, (51) $\}$
$E(\overline{a})$ $E(\overline{x})=E_{1}(\overline{y})E_{2}(\overline{b})$ (55)
. $\overline{x}$ $\overline{x}=x^{-1}$ . ,
$x=(x_{1}, \ldots,x_{n})$ $a=(a_{1}, \ldots, a_{n})$
, (55) $y=(y_{1}, \ldots, y_{n})$ $b=(1, b_{2}, \ldots, b_{n})$ ,
$xj,$ $aj$ . (55)
$(a, x)arrow(y, b)$ , T ,
. , (55)
, .
$y,$ $b$ (55) ,
. , $E(x),$ $E_{k}(x)$
. $D=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}((-1)^{:-1})_{1=1}^{n}$. ,
$H(x)=DE(\overline{x})^{-1}D^{-1}$ , $H_{k}(x)=DE_{k}(\overline{x})^{-1}D^{-1}$ . (56)
,
$H(x)j=\{$




$X:X:+1\ldots X_{j}$ $(k\leq i\leq j)$
$\delta_{1j}$. ( $*\iota \mathrm{k}\backslash \mathcal{A}$ph )
(58)
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$yj= \frac{\eta_{j}}{\eta_{j-1}}$ , $\eta j=\sum_{k=1}^{j}x_{1}\cdots x_{k}a_{k}\cdots aj$ (61)
.
, 3 Berenstein-Kirillov
. , $E(x),$ $H(x)$ $E$ $H$ ,
$e\iota$ $h\iota$ .
7





2234 $+$ 12334 $+$ 1112244
24 2334













, $a^{1},$ $a^{2},$ $a^{3}$ $p^{1},$ $p^{2},$ $p^{3}$
.





. a \supset ,
.





$H(a^{1})H(a^{2})\cdots H(a^{m})=H_{l}(p^{l})H_{l-1}(p^{l-1})\cdots H_{1}(p^{1})$ . (65)
. $l= \min(m, n)$ . (65)
. . $a^{:}=(a_{1}^{i}, \ldots, a_{n}^{1}. ),$ $p^{:}=$
$(1, \ldots, 1,pi, \ldots,p_{n}^{1}. )$ , $a_{j}^{\dot{l}}$ ,
$pj$ , $a$ . $pj$
, $P$ $i$ $j$
.








, $A$ , $(1, i)$ $(m,j)$
, $L_{j}^{\dot{l}}$ $\gamma$ $\mathrm{w}\mathrm{t}(\gamma)=\prod_{(r,\epsilon)\in\gamma}a_{\epsilon}^{r}$













, $\tau j(R)(i\leq j)$ . $H_{1}(p^{1}),$ $H_{2}(p^{2}),$ . .
$H$ ,







$\det(L)j_{1}^{1}\cdot.\cdot.\cdot.j_{r}^{r}=\det(R)_{j_{1}^{1}\ldots j_{r}}^{\dot{\iota}\ldots-r}$ , $a$ $p$
. ,
. $i\leq j$ , $L$ , 1, 2, . . . , $i$
$j-i+1,j-i+2,$ $\ldots,j$ , $\tau j=\tau j(L)=\tau j(R)$
. $\tau \mathrm{j}(L)$ ,









$p_{i}^{i}= \frac{\tau_{j}^{i}}{\tau_{i}^{i-1}}$ , $p_{j}^{i}= \frac{\tau_{j}^{i}\tau_{j-1}^{i-1}}{\tau_{j}^{i-1}\tau_{j-1}^{i}}$ $(i<j)$ (74)
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